In this paper, we investigate the existence of local center stable manifolds of Langevin differential equations with two Caputo fractional derivatives in the two-dimensional case. We adopt the idea of the existence of a local center stable manifold by considering a fixed point of a suitable Lyapunov-Perron operator. A local center stable manifold theorem is given after deriving some necessary integral estimates involving well-known Mittag-Leffler functions.
Introduction
Fractional calculus was introduced by Liouville and Riemann. The concept of non-integer calculus is a generalization of the traditional integer-order calculus that was mentioned by Leibniz and L'Hospital. Fractional calculus is a rapidly growing area with many applications in diverse fields ranging from physical sciences, engineering to biological sciences and economics.
Fractional mathematical modeling and fractional differential equations theory arise naturally in applications; see [-] and the references given therein. Fractional Langevin equations (i.e., equations involving two fractional derivatives with fractional initial conditions) are used to describe stochastic problems in physics, chemistry and electrical engineering, and the existence and stability results for these equations were considered in [-] and the references given therein.
In [] the authors gave a local stable manifold theorem near a hyperbolic equilibrium point for planar fractional differential equations by considering the Lyapunov-Perron operator via the asymptotic behavior of the Mittag-Leffler function. In [] a reliable strategy to approximate the local stable manifold near a hyperbolic equilibrium point for nonlinear fractional differential systems is presented and, using the fractional Hartman-Grobman theorem, the local behavior near a hyperbolic equilibrium point is investigated. In [] a local center manifold result for fractional ordinary differential equations is given. In the literature stable manifold results for fractional Langevin equations are still very limited. In
[] the authors consider center stable manifolds for planar fractional damped equations involving two Caputo fractional derivatives with zero and first derivative initial conditions which act on two-dimensional vectors with one order belonging to (, ), the other belonging to (, ).
In this paper, motivated by [, , , , ], we study local center stable manifolds of fractional Langevin equations of the type:
where c D μ ,t and c D ν ,t denote the Caputo fractional derivative of order μ, ν ∈ (, ) with the lower limit zero (see Definition .),  < μ + ν <  and
Note for (), two different order derivative are involved, and from [,
denotes the Riemann-Liouville derivative of order γ with the lower limit zero for a function , which is given by 
Next, we give the definition of a local center stable manifold.
Definition . By a local center stable manifold of (), we mean the set of all smallx for which the solution of () is bounded on R + .
For some certainx, the solution's limit of () is zero when the time variable tends to infinity.
Let X ∞ (R + , Y ) be the Banach space of all continuous functions from R + into a Banach space Y with the norm z ∞ = sup{ z(t) Y : t ∈ R + }. We adopt the ideas in [, ] and construct a suitable Lyapunov-Perron operator
as follows:
and
Then we show that the local center stable manifold of () can be characterized as a fixed point of the above Lyapunov-Perron operator LP and the fixed point is bounded. The rest of this paper is organized as follows. In Section , we give some fundamental estimates related to Mittag-Leffler functions, and in Section , we present the main result of this paper concerning center stable manifolds. An example is given to demonstrate the application of our main result.
Integral estimates related to Mittag-Leffler functions
The 
In particular, we have
(ii) For all t > , we have
The previous results in [, Lemma ] are special cases of the above lemma.
Then, for any function g ∈ X ∞ (R + , R), the following statements hold for all t ∈ [, ]:
, and noticing that Mittag-Leffler functions are increasing functions on [, ∞), we have
(ii) In the same way, we have
(iii) Similarly, we derive
From the above the proof is complete.
Then, for any function g ∈ X ∞ (R + , R), the following statements hold for all t > :
On the other hand, applying Lemma .(i), we get
Consequently, we get
(ii) Similarly, applying Lemma .(ii), we get
(iii) Like the above we get
On the other hand,
Furthermore, we obtain
Local center stable manifold theorem
From Lemmas . and ., the operator LP in () is well defined. We now state and prove some fundamental properties of LP, which are used later to prove the existence of stable manifolds.
where P and Q are the functions defined as in Lemmas . and .. For any η,η ∈ X ∞ (R + , R  ), we have
Proof Note that
Now using Lemmas . and ., we have
From Lemmas . and ., we have
Consequently, we get conclusion (). Next, notice
Hence we get conclusion (). The proof is complete.
Before stating and proving the stable invariant manifold result, we present the following technical lemma.
Lemma . For any function g ∈ X ∞ (R + , R) and λ > , we have
Proof According to Lemma .(ii), we obtain
Also we have
The proof is complete.
From the above results we know that φ  (·, x, x) = LP  (φ (·, x, x) ). Furthermore, lim t→∞ t ν E μ+ν,ν+ (-t μ+ν λ  ) = ∞ and using φ  ∈ X ∞ (R + , R), we arrive at Thus lim t→∞ sup |η  (t)| ≤ ρr * = ρ(a + ).
